We examine the radiation reaction imparted on an electron accelerating and radiating in an optical medium. The radiation reaction of the electron is incorporated by modeling it as an Unruh-DeWitt detector and setting the energy gap equal to the recoil energy produced by the emitted photons momentum. In the subsequent analysis, we discover a vacuum Larmor formula and an in-medium power spectrum that are both thermalized by the acceleration. As such, these systems will explicitly exhibit thermalization of radiation reaction at the celebrated Fulling-Davies-Unruh temperature. Therefore, our theory proves that detections of radiation reaction associated with recoil are, in fact, simultaneous observations of the Unruh effect. Our derived power spectrum is then shown to have an excellent agreement with the recent experiment on quantum radiation reaction in aligned crystals and therefore provides evidence for the very first observation of the Unruh effect.
I. INTRODUCTION
The phenomenon of radiation is ubiquitous in the modern world [1] . Leading to the invention of radar, radio, television, and even the internet, electromagnetism has been solidified as one of the pillars of modern science. Yet despite its overwhelming worldwide applications, based on a rigorous foundation of an empirically tested mathematical formulation [2] , a paradox has persisted in our understanding of it since the very beginning of its use, the problem of radiation reaction [3] . Put simply, radiation reaction is the recoil experienced by a charged particle when it emits radiation. Considering the example of an accelerated electron, the properties of the radiation emitted, such as its energy, will be determined by the electron's acceleration [4] . However, when the electron radiates there will be a recoil, like when firing a bullet from a gun, that depends on the energy of the radiation. This recoil changes the acceleration which, in turn, changes the energy of the radiation thereby creating a "feedback loop". Understanding this feedback and quantifying its implications is the notorious problem of radiation reaction. The heart of this problem manifests itself in the manner in which the electron moves and accelerates. This motion is governed by the Lorentz force equation. However, when the recoil of the electron is incorporated into the Lorentz force, its predicted motion is plagued by runaway solutions, i.e. unstable electron velocities that, with the slightest perturbation, will spontaneously accelerate to the speed of light. Resolving the paradox of these solutions has been the subject of a rather intense investigation using a wide range of theoretical techniques [5] [6] [7] [8] . One of the key hurdles in reaching a resolution to this paradox has been the lack of experiments capable of exploring the phenomenon. However, there has been a recent set of experiments that report positive measurements of radiation reaction [9] [10] [11] . These experiments illustrate the incredibly complicated nature of the problem due to the fact that even though they report a positive measurement, none of the current models used to describe radiation reaction fully explains the data. Moreover, all of the experimental data, when compared to the various models, imply an inherently quantum mechanical nature to the radiation reaction. In this regard, we propose a novel way of looking at the problem; not by examining the radiation based on the Lorentz force equation of motion, but rather through a spacetime formulation of accelerated quantum electrodynamics (AQED) [12, 13] via the use of a uniformly accelerated Unruh-DeWitt detector [14, 15] . The outcome of this is not only a better understanding of radiation-reaction, but an indication that the Fulling-Davies-Unruh (FDU) temperature has already been witnessed, in a non-analog experiment.
The machinery employed by quantum field theory in curved spacetime [16, 17] to analyze radiation emission has the advantage of stripping away the minute details of the emission process and focusing entirely on the local change in energy of a radiating system, i.e. an Unruh-DeWitt detector. The fundamental insight from this perspective is that for certain fundamental deformations in the structure of space time, an Unruh-DeWitt detector will undergo a transition, either up or down in energy, and radiate [12, 13, [18] [19] [20] . Remarkably, the character of this radiating system will be thermalized at a temperature defined by some characteristic inverse length scale of the spacetime or motion through it, e.g. acceleration, surface gravity, or Hubble constant [14, 21, 22] . Each of these length scales will define the location of an event horizon which, via quantum fluctuations near the horizon, will emit radiation that is thermalized at a specific temperature. In FRW cosmologies [23] [24] [25] , signatures of this temperature may be encoded in the anisotropies in the cosmic microwave background [26] . Analogue systems involving "fluid black holes" [27] [28] [29] are also capable of exploring not only the temperature, but other properties such as the entropy via correlations between Hawking pairs both in and outside the effective horizon and even superradiance. The most sought after temperature [30, 31] , due to the fact that it appears to be the most readily accessible experimentally, is the acceleration temperature T = a 2π . Since this temperature and the general characteristics of electromagnetic radiation are determined by the acceleration, it is through accelerated electromagnetic systems that we expect to not only see the first signs of radiation reaction but also accelerated thermality.
The path towards the discovery of this accelerated temperature began with the analysis of the quantum mechanical structure of the vacuum in inertial and accelerated reference frames by Fulling [32] , the flux of radiation from the 1+1 dimensional moving mirror by Davies [33] , and finally by the near horizon examination of Hawking radiation from black holes by Unruh [14] . Understanding this FDU temperature has been the subject of a steadily growing community, as detailed in [30] , and the techniques developed to explore it have spread to other fields and fostered their grow as well, e.g. the use of Unruh-DeWitt detectors in relativistic quantum information [34] . This pursuit has culminated in an inherently thermodynamic understanding of the nature of relativistic quantum field theory in classical general relativistic backgrounds [35, 36] .
Here we demonstrate that when recoil is incorporated into the photon emission by uniformly accelerated electrons, the radiation reaction will be thermalized at the FDU temperature. We begin by outlining the technique for incorporating the recoil into the energy gap of the Unruh-DeWitt detector. Then we present the AQED response function and compute the power radiated by, and photon power spectrum, of a uniformly accelerated charge current in vacuum and an optical medium respectively. An acceleration profile based on radiative energy loss is used to compare the power spectrum with the recent observation of quantum radiation reaction produced by channeled positrons in single crystal silicon. Here and throughout, we use natural units = c = k B = 1.
II. INCORPORATING RADIATION REACTION VIA NON-TRIVIAL DISPERSION
To better understand the nature of recoil, let us examine the conceptual foundation for what happens to an accelerated electron during the process of emission in a refractive medium while taking into account mass renormalization [37] . To do this, we will consider the comoving reference frame, i.e. parametrized by the electron's proper time, which is instantaneously inertial at the moment of photon emission. In this frame, effects from the electron's velocity and acceleration are negligible. Prior to the photon emission, the electron's mass is increased by the radiation field which begins to build up around the electron and effectively "dresses" it. The result is the total initial energy of the electron E i , in its rest frame, is comprised of not only its rest mass m, but also the photon energy ω as well;
When the photon is emitted, it senses the background index of refraction n which results in the nontrivial dispersion relation for the momentum k = nω. When the photon is emitted, it imparts a recoil on the electron equal, and opposite, to the photons momentum. The resulting final electron energy, again in the rest frame of the initial electron, is given by E f = m 2 + (−nω) 2 . Figure 1 illustrates the main idea underlying this process. Then, if we look at the total change in energy of the electron, we find the recoil energy produced by the photon emission,
Although the above argument is conceptual in nature, it also follows from a rudimentary kinematic analysis based on conservation of energy and momentum that takes into account quantized photon emission. This procedure correctly incorporates the recoil correction for Cherenkov radiation [38] and, as mentioned above, is the result of mass renormalization in an optical medium [37] . Since the energy gap of the Unruh-DeWitt detector is defined as the comoving change in energy of an emitter, if we model an electron as one, then by setting the energy gap equal to the above recoil energy we are able to incorporate the recoil into our analysis of radiation emission, thus accounting for radiation reaction.
The calculation presented here uses an AQED approach for computing the power radiated from first principles. To this end we make use of the current interaction [41] 
is the second quantized photon field operator andĵ µ (x) and is the electron current operator. If we couple an Unruh-DeWitt detector to the current it takes the form;ĵ µ (x) = u µq (τ )δ 3 (x − x tr (τ )). Here u µ is the four velocity of the electron and x tr (τ ) is the trajectory of the electron parametrized by its proper time. The monopole moment operator [15] is Heisenberg evolved viaq(τ ) = e iĤτq (0)e −iĤτ and the charge of the electron is defined by q = E f |q(0) |E i , with |E i and |E f being the initial and final electron energy respectively. Then, by analyzing the amplitude, A = i k| ⊗ E f |Ŝ i |E i ⊗ |0 , for the electron current to undergo a transition and emit one photon of momentum k, we can compute the emission rate via the relativistic analogue of Fermi's golden rule. As such the AQED response function, see Sec. A of the supplementary and [42] , is given by
Here we see the standard Fourier transform of the Wightman function, G νµ [x , x], but with the added indices which, for the photons of AQED, represent the sums of polarization four vectors, i,j µ i * ν j , which contract with the four velocity product, U µν = u µ u ν , to couple the motion to the allowed emission directions. The fact that the polarization of the emitted photon are present in the Wightman function implies that it will not be possible to integrate over its frequency until we have contracted it with the four velocities. Recalling the Wightman function is given by the vacuum to vacuum two-point function
Note that we have included an index of refraction for the photon if we are to focus on radiation emission into an optical medium. If we wish to compute the power radiated, S, we must also include an additional factor of frequency in the above Wightman function [13, 19] , since S = dΓ dω ωdω. If we compute the power radiated by an accelerated electron then we should expect to recover the Larmor formula. As we shall see, this is indeed the case. For a trajectory with constant proper acceleration a, parametrized by the proper time τ , we will have hyperbolic motion with four velocity u µ = (sinh (aτ ), 0, 0, cosh (aτ )) [13] . Using this trajectory we arrive at a rather striking result. It is expected that we should obtain the Larmor formula but there is an intermediate result; the fact we have uniformly accelerated motion implies that we should also find signatures of thermality. This can be seen upon explicitly computing the power. Hence,
It is indeed surprising that we have obtained the Larmor formula that is thermalized at the FDU temperature. We must also point out the change in statistics from bosonic to fermionic. This is characteristic of accelerated thermal observables where the statistics depends on e.g. powers of frequency ω in the computation, number of particles emitted, and/or dimensionality of the system [12, 13, 19, 43] . To recover the standard Larmor formula we must compute the total power by summing over transitions both up and down in energy [44] , i.e. lim ∆E→0 S(∆E) + S(−∆E) = 2 3 αa 2 . If we chose to examine the power radiated in an optical medium we must take note that the index of refraction is, in general, dependent on the frequency of the photon emitted. It is then customary to compute the power radiated per unit frequency, see the supplementary Eqs. (S29, S30, and S32),
Here, H (2) (x) is the Hankel function of the second kind [45] . We also made the presence of thermality more apparent by making use of the following identity,
− (x). The implication of this property of Hankel functions of the second kind is the manifest detailed balance at thermal equilibrium of the power spectrum by rigorous mathematical identity. The exponent produced by the change in sign of the Hankel index is precisely the Boltzmann factor comprised of the Unruh-DeWitt detector energy gap thermalized at the temperature T = a 2π . Therefore, by setting the energy gap equal to the recoil energy, Eq. (1), we find radiation reaction thermalized at the celebrated Fulling-Davies-Unruh temperature. As such we are led to the conclusion that the experimental observation of radiation reaction associated with mass renormalization from a uniformly accelerated charge will simultaneously be the experimental observation of thermality at the FDU temperature.
This thermal phenomenon, commonly referred to as the Unruh effect [30] , has had a considerable amount of effort dedicated to its study as well as a detailed exploration of potential experimental settings which could measure it. The main difficulty with measuring such an effect is the vanishingly small energy scale set by the acceleration. Broadly speaking, the ability to probe the Unruh effect necessitates |∆E| ∼ a 2π so that the thermal distribution can be explored. The difficulty then lies in bringing the two energy scales together; finding acceleration scales that reach the energy gap from below or energy gaps that can reach the small acceleration scale from above. If both a small energy gap and a large acceleration scale can be found in an experimental system, then this would provide the best chance of measuring the Unruh effect. Through this logic, high acceleration scales coupled to small energy gaps, we apply the above power spectrum, Eq. (5), to the recent observation of quantum radiation reaction in aligned crystals [11] . There we have LHC scale energy positrons channeled into aligned single crystal silicon (large acceleration [46]) sensitive to radiation reaction [47] (small energy gap). As we shall see, it appears to be the case that channeling radiation, along with recoil, may finally provide a system to explore the Unruh effect experimentally.
IV. OBSERVATION OF QUANTUM RADIATION REACTION IN ALIGNED CRYSTALS
When a highly energetic charged particle propagates in a material, it will lose energy and emit a smooth spectrum of radiation known as bremsstrahlung [1] . This particular process is associated with scattering off individual atomic sites that have a random distribution, i.e. an amorphous crystalline structure for solids or the random distribution of atoms in the case of a liquid or gas. However, if we have a solid with some periodic crystalline structure, then we can look at motion along an axis of symmetry where the charged particle is "channeled" and will propagate in an effective hollow wave guide, or 2-D plane between atomic layers, produced by the structure. Then, the charged particle is confined to the cylindrical potential well and can oscillate back and forth transversely to its direction of propagation and therefore radiate. This process is known as channeling radiation [48] .
The recent experimental observations of radiation reaction have provided an enormous leap forward in our understanding of the nature of recoil [9] [10] [11] . Each of these experimental settings utilized cutting edge techniques in plasma wakefield acceleration and/or high energy LHC beam line precision. The plasma wakefield experiments are particularly impressive on account of their method of acceleration and measurement of radiation reaction via electron energy loss [9, 10] . In the channeling experiment [11] , the data from the photon power spectrum produced by the accelerated positrons is presented and is precisely the observable computed in our analysis. There, daughter products of the LHC proton beam yield 178.2 GeV positrons which are then bent and fired into 3.8 mm and 10 mm samples of amorphous and single crystal silicon.
Under the assumption that channeled particles will lose energy in accordance with radiative energy loss, we expect to see the following differential energy loss,
(6)
The acceleration scale is set by the quantity a 0 = γ/x 0 which is given by the inverse of Lorentz contracted radiation length. The time scale is given by τ 0 = x0 γ . Motions which have a duration of the order of this time scale (or longer) will require a time-dependent analysis. In the present work we will assume that the acceleration is constant, i.e. a(τ ) = a 0 . We should note that the there is indeed sufficient time within the crystal for the acceleration to change by ∼ 10%; e.g. τ /τ 0 ∼ .04 and τ /τ 0 ∼ .11 for the total travel time of the 3.8 mm and 10 mm crystal respectively. Note that this property also ensures thermality despite the time-dependendent acceleration [13] . We should also mention that the thermalization time set by the recoil is given by τ ∆E ∼ 1 ∆E ∼ 10 −21 s while the proper time spent accelerating in the crystal is τ 0 ∼ 10 −16 s. As such, we are guaranteed that our recoil to thermalize. To compare with the experimental data we need to convert all parameters to GeV [11, 49] ; x 0 ∼ 4.75 × 10 14 GeV −1 , E 0 = 178.2 GeV, and m = .000511 GeV. It is these parameters that we will use to compute the power spectrum, with and without radiation reaction, and compare with the crystal data. The radiation reaction can be "turned off" by setting the energy gap to zero. To model the index of refraction we use the following parametrization,
For the current analysis, we note that we will have ∼ 10 −3 GeV −1 . The fact that we have an index of refraction slightly less than one is not that unusual. Gamma rays in silicon are known to have an index of refraction less than one [50] in certain regimes and for photons on the order of 100 GeV it may, in fact, be more appropriate to treat the material as a plasma which also has an index of refraction less than one [1] . To better match the calculated spectrum to the data we also include an overall scaling factor s to take into account detector efficiencies and other systematics of the experiment. The plots of our theory and data for the 3.8 mm and 10 mm crystals in the channeling and bremsstrahlung regime are presented in Figure 2 . Table 1 outlines the fit parameters and chi-squared statistic.
FIG. 2:
The power spectrum for the radiation emitted by 178.2 GeV positrons in silicon. The bremsstrahlung spectra for 3.8 mm and 10 mm amorphous silicon are presented in (a) and (c) respectively. The channeling spectra for 3.8 mm and 10 mm aligned silicon are presented in (b) and (d) respectively. The black dots are the data points from the experiment [11] . The blue and red curves are our theoretical spectrum, Eq. 6, with and without the recoil correction respectively. The best fit parameters and reduced chi-squared statistic are presented in Table 1 The best fit parameters for our theoretical power spectrum both with and without the recoil correction for all crystal samples. Our chi-squared statistic shows that the data can be rigorously fitted by the power spectrum with the radiation reaction thermalized at the FDU temperature. Note the 3.8 mm crystal shows the strongest support for this due to the fact the time dependence is weakest there. Moreover, the fact that it yields the best chi-squared statistic in the amorphous case implies our theory successfully reproduces bremsstrahlung and therefore serves as a sanity check.
To conclude our analysis, we note the combined, i.e. average, theoretical chi-squared statistic for the 3.8 mm and 10 mm crystals in the channeling regime with the recoil correction yields χ 2 the /ν = 38.87, see Sec. D of the Supplementary for further details. This is only slightly greater than, but still in statistical agreement with, the experimental signature for the quantum radiation reaction model which provided the best match to the data, χ 2 exp /ν = 38.2, of all the models analyzed in the experiment [11] . We emphasize that our chi-squared statistic will improve greatly with a timedependent treatment that was used in the experimental analysis. Moreover we note that the excellent agreement of our theory with the 3.8 mm amorphous data with recoil indicates a strong agreement with the well known phenomena of bremsstrahlung. As such, we are led to the conclusion that in addition to measuring quantum radiation reaction in aligned crystals, the experiment of Wistisen et al. [11] was also simultaneously successful in the very first measurement of the Unruh effect in a non-analog system.
V. CONCLUSIONS
In this article, we have presented the theory of accelerated quantum electrodynamics and used it to explore the radiation produced by uniform accelerated motion. When applied to the problem of radiation reaction we are able to incorporate recoil, utilizing techniques from quantum field theory in curved spacetime, by setting the energy gap of an Unruh-DeWitt detector equal to the recoil energy produced by the emitted photons momentum thereby connecting it with the Unruh effect. We have thus found a relationship between two very active research areas exploring apparently different phenomena -radiation reaction and the Unruh effect. This work not only connects them, in a quantitative manner, but also sheds new light on both in a manner that is backed by the experimental evidence of radiation reaction of channeled positrons in aligned single crystal silicon. Our theory and analysis indicate that the recent observation of radiation reaction was simultaneously an observation of thermalization at the Fulling-Davies-Unruh temperature with the same statistical significance.
VI. METHODS
To generate all figures, we employed the following technique; our power spectrum was scaled by s 3x0 4c , the index of refraction was set to n = 1 − ω as a leading order correction, and the radiation length was scaled by x 0 →xx 0 except in the prefactor for 3x0 4c .This term we include in our analysis since it is used by the experimental group [11] to rescale the power spectrum. We scaled the radiation length by a factor ofx to take into account any additional phenomena that may occur at such high energies, e.g. pair creation [49] , and in the channeling regime [46], e.g strong transverse oscillations, which contribute to the energy loss and subsequent acceleration. From there we performed a least squares best fit by Mathematica to obtain the values for our three parameters s,x, and . In the case of no recoil we merely set ∆E = 0. Note, the spectrum must be multiplied by the additional factor of 3x0 4c = 2.34 × 10 −10 sec in order to directly compare to the crystal data [11] . This means the power spectrum we plot is dS dω → s 3x0 4c dS dω . Note, here we explicitly put in the speed of light. This scaling of the radiation length is not included in the scale factor 3x0 4c since the experimental analysis did not include it. We must also note that although our computation was carried out in the rest frame of the electron, it was also carried out at ∆x = 0, see Sec. C of the supplementary material. This is equivalent to performing the calculation at β = 0, and therefore we need to boost the positron to the LHC beam energy. As such our acceleration must also boost via a → aγ 3 . We then plot our power spectrum with the best fit parameters for each case. To compute the chi-squared statistic, we evaluated our best fit power spectra at the x-value of each data point to compare the theoretical y-value to the data. The chi-squared per degree of freedom is then given
. Here we use ν = 150 which is the number of data bins for the experiment to be consistent with their analysis [11] , i labels the data points, and σ i is the experimental error of each data point. To begin our analysis we must first define the AQED response function. As we such, we examine electromagnetic emission in a refractive medium using the current interaction for QED
We shall couple an Unruh-DeWitt detector to the vector current. This will endow the electron an extra degree of freedom for energy transitions, i.e. the recoil. As such,
The monopole moment operatorq(t) is Heisenberg evolved viaq(τ ) = e iĤτq (0)e −iĤτ withq(0) defined asq(0) |E i = |E f with E i and E f the initial energy and final energy of a two level system moving along the trajectory, x tr (t), of the current; transitions both up and down energy are allowed. With the intent to examine Larmor radiation, both in vacuum and an optical medium, we formulate the following amplitude;
The differential probability per unit final state momenta is given by,
Note, the probability factorizes into an electron matrix element contracted with the photon matrix element. The electron matrix element yields
Here we have defined the energy gap as ∆E = E f − E i and the charge as
For the sake of brevity we defined a "velocity tensor" via U µν [x , x] = u ν (x )u µ (x). Next, we shall evaluate the photon inner product. For this we will need to integrate over the final state momenta, thereby developing the total emission probability. Hence,
Note we have utilized the completeness relation, dk |k k| = 1, to simplify the expression . The resultant is our photon two point function with vector indices. Using our photon two point function and the electron current density from Eqn. (S5). we can formulate the AQED response function dP dη = Γ. Hence
Here we have made use of the difference and average propertime change of variables; ξ = τ − τ and η = (τ + τ )/2 respectively. Using the standard mode decomposition for the vector field in a dielectric medium, we havê
Here we have the following standard dispersion relation nω = k, with index of refraction n. In the last line we have defined the quantity σ µ = i µ i
n . The two point function then reduces to an integral over the momentum,
Again we see that the vector two point function is formally the same as a scalar field but with polarization vectors lending their indices. Combining all the pieces we can formulate the response function for our photon emission.
We defined the velocity product U = σ µ σ †ν U µν [x , x] for brevity. Let us now examine the power radiated by a uniformly accelerated charge.
B. The Thermalized Vacuum Larmor Formula
To analyze Larmor emission we will now consider the electron propagating in free space, i.e. n = 1. We will begin by examining the polarization vectors that are contracted with our velocity tensor. Recalling that under proper acceleration a, the four-velocities at proper time τ will be given u µ = (cosh (aτ ), 0, 0, sinh (aτ )). Hence,
Here θ is the angle of photon emission relative to the direction of propagation along the z-axis. Moreover we will make use of the hyperbolic double angle formulas to obtain sinh (aτ ) sinh (aτ ) = 1 2 2 cosh
Combining all the above pieces we can now formulate the transition probability. Thus
To arrive at the Larmor formula, typically computed in the rest frame of the electron, we must make use of the nonrelativistic approximation; ∆x ∼ 0 and note that with respect to the variable η, the Lorentz gamma is given by γ = cosh (aη) which we also take to be 1. As such we obtain
Now, examining the momentum integrations, we move to spherical coordinates with the momentum aligned along the z-axis, to yield
Note, in the last line we rewrote the prefactor in terms of the fine structure constant α = q 2 4π .To compute the Larmor formula, we will need to examine the power emitted by the photon. As such we weight the frequency integral with an additional factor of frequency. Hence
The integration over the frequency can now be carried out to yield
We should note that there is an implicit regulator ∆t → ∆t − i in the denominator. This will later require us to include a pole on the real axis in the integration over the proper time. Our integration now simplifies to
Finally we recall that ∆t = 
This integration is standard and can be evaluated using the residue theorem. As such we obtain the following S = 2 3 αa 
This is our thermal Larmor formula. By summing over transitions both up and down in energy, i.e. when ∆E = |∆E| and ∆E = −|∆E|, and taking the limit |∆E| → 0 we arrive at the standard Larmor formula. Hence
Note, this is written in terms of the proper acceleration and therefore is fully relativistic as in the classical derivation. Now that we have our verified our method of computation, let us compute the power spectrum in a refractive medium. (S36) Note we have taken the magnitude of the acceleration. The overall scale of the acceleration is given by a 0 = u 0 /x 0 which depends on the material as well as the initial energy. For ultra-relativistic velocities we have u 0 ∼ γ 0 = E 0 /m. The other kinematic factors that we need to describe our system are given by:
Note that all relevant parameters that are written in terms of the particle energy, mass, and the radiation length of the material. For the crystal experiment, the relevant energy scale is GeV. For positrons, silicon will have a radiation length of x 0 = 9.37 cm. For the experiment in question we have the following parameters; 
To model the index of refraction we use the following
For the current analysis, we note that we will have ∼ 10 −3 GeV −1 which is of order 10 −12 eV −1 for optical frequencies, i.e. very small. To match the calculated spectrum to the data for both bremsstrahlung and the aligned crystal case we also include an over all scaling factor s for the spectrum and also scale the radiation length by a factor ofx to take into account any additional phenomena that may occur and contribute to the energy loss.
